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Abstract

A widely accepted view of the thermal degradation of polymers such as PMMA is that an initiation reaction produces radical fragments that
undergo rapid depropagation and are also converted back to molecules by a termination reaction. This mechanism is applied to a population of
linear molecules and radicals and the evolution of the population is modelled by appropriate discrete sets of ordinary differential equations. In
particular, end-chain and random initiation reactions with first-order termination are analysed and compared with experimental data. We find on
comparison with TG data for PMMA that the initiation reaction is important in dictating the qualitative behaviour of the overall rate of thermal
degradation. Furthermore, the behaviour of degradation rate with initial degree of polymerisation is also investigated and interpreted within the
framework of the model.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The population balance approach is a powerful modelling
technique which describes the evolution of a population of lin-
ear molecules in terms of sets of ordinary or integro-partial
differential equations (depending on whether the polymer mol-
ecule is viewed as a discrete number of repeat units linked
with bonds or a continuous length which may be infinitely
subdivided). In an earlier paper [1], the author presented a pop-
ulation balance model for discrete bond-weighted random
scission of linear polymers. The model appeared to describe
the thermal degradation of linear PE reasonably well, but
was less successful when applied to PMMA. In particular,
the observed variation of degradation rate with initial degree
of polymerisation [2e5] was not correctly predicted at high
temperatures. A widely accepted model for thermal degrada-
tion of linear polymers involves three processes: initiation,
depropagation and termination [4e10]. The initiation reaction,
where a polymer molecule undergoes scission at a random
location or at an end bond, creates two radicals which undergo
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rapid depropagation accompanied by a termination reaction
where one or more radicals are converted into one or more
molecules. This model, in a variety of forms, has previously
been investigated using a variety of theoretical methods and
simplifications [8e10]. The first attempts to analyse polymer
degradation using population balance methods appear to
have their origins in the 1950s and 1960s. Simha et al. [11]
considered a degradation mechanism involving initiation,
depropagation, inter- and intra-molecular transfer and sec-
ond-order termination. In order to simplify the analysis, they
assumed a mono-disperse initial distribution. Furthermore,
they assumed that the radical concentration remains steady,
thereby reducing the governing ordinary differential equations
for radical species to algebraic difference equations. Boyd
[12], whilst maintaining the steady radical assumption,
extended this solution for a different initial molecular weight
distribution and also considered different termination mecha-
nisms such as first-order and recombination. He also consid-
ered the effect of volume change during degradation in
a short letter [13]. All of these early approaches sought to pre-
dict the evolution of the molecular mass distribution, or some
moment of it. More recently, the population balance method
has been applied to the thermal degradation of a variety of
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polymers using simplified mechanisms such as pure end-chain
scission, pure random scission, recombination, combinations
of these mechanisms or other more exotic (but not necessarily
realistic) mechanisms [1,7e10,14e22].

In this paper a description based on the mechanisms postu-
lated by Barlow et al. [2], Bagby et al. [3] and Lehrle et al. [4]
is adopted. Here the inter- and intra-molecular hydrogen trans-
fer reactions considered by Simha et al. [11], which have the
overall effect of producing polymer molecules from radical
fragments, are not explicitly included. Rather, a simple termi-
nation reaction is considered that converts radical fragments
into polymer molecules. However, steady radical concentra-
tion is not assumed and the full population balance equations
for initiation, depropagation and termination are considered
and solved for a variety of different scenarios. The goals of
this contribution are:

� To seek approximate solutions, where possible, to the
model equations and provide a description of the overall
degradation rate, where the initial polymer is converted
into volatile species.
� To evaluate the influence of initiation mechanism both an-

alytically and numerically on the overall degradation rate
and to evaluate the relative effectiveness of the models in
predicting the degradation behaviour of PMMA in ther-
mogravimetric experiments.
� To provide insight into some of the observed thermal deg-

radation behaviour of PMMA samples of differing initial
degrees of polymerisation.

For brevity, only a single termination reaction is consid-
ered: first-order (where a radical fragment is converted directly
into a polymer molecule of the same degree of polymerisa-
tion). However, the author plans to analyse the role of different
termination mechanisms, such as recombination (where two
radical fragments combine to produce a polymer molecule
with degree of polymerisation equal to the sum of the degrees
of polymerisation of the radical fragments) in a later paper.
The choice of termination mechanism is in line with previous
observations and analyses of the thermal degradation of
PMMA and other polymers [4,6,10]. There does, however,
seem to be some dispute in the literature over which mecha-
nism most realistically represents termination for PMMA
and other polymers. Lehrle et al. [4] discounted the possibility
of second-order termination for polystyrene on the basis of de-
rived values for activation energies. Inaba and Kashiwagi [8]
state that, based on previous studies, only a first-order termina-
tion reaction can explain the degradation of PMMA. In a later
paper, Lehrle et al. [6] essentially agree with this point, using
their own kinetic data for PMMA. However, in earlier work
Simha et al. [11] take the view that first-order termination is
rare and consider only second-order termination. Boyd [12]
does consider alternative termination reactions but does not
comment on the relative merits of each.

We consider a discrete population of molecules where Pm

denotes the ratio of the number of m-mers with m� 1 links
to the initial number of molecules and Rm denotes the
corresponding ratio for radicals with m� 1 links. Degradation
rate is quantified in terms of remaining mass and as in earlier
papers [1,20e22], we take the simple view that species with
fewer than mv repeat units are volatile and are removed from
the population as soon as they are formed. Accordingly,
when considering the rate of formation of volatile species,
the remaining mass is proportional to the first partial moment

m
ðmvÞ
PþRðtÞ ¼

XN
i¼mv

iðPiþRiÞ: ð1Þ

For simplicity, we shall consider only cases that evolve from
an initially unimolecular distribution. Admittedly, this may
not be relevant to common polymers which are manufactured
with high degrees of polydispersity. However, the effects of
polydispersity of the initial distribution on degradation rate
and evolution of the molecular mass distributions are investi-
gated numerically in later sections.

2. Initiation by end-chain scission, depropagation and
first-order termination (ECSeDeO(1) model)

Here the initiation reaction, with rate term kECS, involves
a polymer molecule breaking at an end bond, forming a polymer
radical and a monomer radical: Pm/Rm�1 þ R1. A fast depro-
pagation reaction, with rate term kD, causes radical fragments
to unzip forming monomer: Rm/Rm�1 þ P1. A termination
reaction, with rate kT, causes radical fragments to be converted
back to polymer molecules: Rm/Pm. Let 3ECS ¼ kECS=kD,
3T ¼ kT=kD and dt=dt ¼ kD. We assume that the depropaga-
tion reaction is faster than the initiation reaction, so 3ECS< 1.

If n is the initial degree of polymerisation, then the corre-
sponding population balance equations are

dPm

dt
¼

8<
: 3TR1 þ

Pn
j¼2 Rj; m¼ 1;

3TRm � 3ECSPm; 2� m� n;
ð2Þ

dRm

dt
¼

8<
:�3TR1þR2þ 3ECS

�
P2þ

Pn
j¼2 Pj

�
; m¼ 1;

�ð1þ 3TÞRmþRmþ1þ 3ECSPmþ1; 2� m< n:

ð3Þ

When m¼ n, no radical fragments can be formed as there are
no (nþ 1)-mers and so Rn¼ 0 for all t.

2.1. Solution for very rapid depropagation

When the depropagation reaction is much faster than the
termination reaction we may set 3T¼ 0. For a unimolecular
initial distribution of polymer molecules, where Pnð0Þ ¼ 1;
Pmð0Þ ¼ 0; 1 � m � n� 1, it may be shown that the solution
of the population balance equations takes the form

PnðtÞ ¼ e�3ECSt; PmðtÞ ¼ 0; 2� m� n� 1;

RmðtÞ ¼
3ECSe�t

ð1� 3ECSÞn�m

PN
j¼n�m

ð1� 3ECSÞjtj

j!
; 2� m� n� 1

9=
;
ð4Þ
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Also, if n3ECS is not small compared with 1, it may be shown
that R� R1 ¼

Pn
m¼2 Rmz1� expð�3ECStÞ. Consequently,

the remaining mass (assuming that the only volatile species
are monomers) will be given approximately by

m
ð2Þ
PþRðtÞ

m
ð2Þ
PþRð0Þ

z1� t

n
þ 1� 3ECS

n3ECS

�
1� e�3ECSt

�
: ð5Þ

As the depropagation rate increases and 3ECS gets very small,
it follows that any radicals will be instantaneously converted
into monomer units and the availability of radicals will be
dominated by the end-chain initiation rate. Therefore, for
very small 3ECS, expression (5) above for remaining mass
will become increasingly invalid for large t and a better
approximation will be given by

m
ð2Þ
PþRðtÞ

m
ð2Þ
PþRð0Þ

ze�3ECSt: ð6Þ

It is possible to construct a uniformly valid approximation for
the remaining mass using expressions (5) and (6). Expression
(5) is used for t< t0 and the expression Aexpð�3ECStÞ when
t � t0. The constants A and t0 are found from the conditions
that the slopes of the two expressions are identical and the
remaining mass is continuous at t¼ t0. It transpires that
t0¼ n and

A¼
�

1� 3ECS

n3ECS

�
ðen3ECS � 1Þ: ð7Þ

Hence the final expression for remaining mass is

m
ð2Þ
PþRðtÞ

m
ð2Þ
PþRð0Þ

z

(
1� t

n
þ
�

1� 3ECS

n3ECS

��
1� e�3ECSt

�
; t< n;�

1� 3ECS

n3ECS

��
e�3ECSðt�nÞ � e�3ECSt

�
; t� n:

ð8Þ

The graph in Fig. 1 illustrates the excellent agreement be-
tween the approximate expression for remaining mass (8)
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Fig. 1. Comparison between approximate and numerical results for slow termi-

nation ð3ECS ¼ 0:005; 3T ¼ 0Þ.
above and numerical results for 3ECS¼ 0.005 and a range of
values of n.

2.2. Effect of termination

The numerical results in Fig. 2 show the effect of termina-
tion on the degradation rate for 3ECS¼ 0.1. As the termination
reaction rate increases, fewer radical fragments are available
for depropagation and so the rate of production of monomers
falls, thereby lowering the overall rate of degradation. As the
termination rate becomes very large, radical fragments are
instantaneously converted back to polymer molecules and so
the system becomes governed by the equations dPm=dt ¼
3ECSðPmþ1 � PmÞ; 2 � m < n, which represent a simple model
for pure ECS that has been studied in detail in earlier papers
[21]. It is relatively easy to show for this model that the re-
maining mass is given to a good approximation by

m
ð2Þ
PþRðtÞ

m
ð2Þ
PþRð0Þ

¼ 1� 3ECSt

n
: ð9Þ

2.3. Effect of initial molecular mass distribution

All of the theoretical solutions presented in Section 2 above
were computed assuming a unimolecular initial distribution
(UID) for the polymer molecules. It has been demonstrated
in an earlier paper [21] that for pure ECS, the shape of the ini-
tial distribution has no effect on the mass loss rate. However,
this may no longer be the case in the present model and this is
now briefly investigated.

The graphs in Fig. 3 show the effect on the mass loss rate
and relative frequency of polymer molecules for normally dis-
tributed initial populations with means located at m¼ 400 and
various values of standard deviation s. The graphs correspond
to the parameter values kECS=kD ¼ 0:1; kT=kD ¼ 0:1. Note that
as s is varied there is a large effect on the evolution of the pop-
ulation distribution, however, there is only a low order effect
on the evolution rate of monomer species and hence on
mass loss rate.
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Fig. 2. Effect of termination for ECS initiation (kECS/kD¼ 0.1, n¼ 200).
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2.4. Comparison with TG experiments

When compared to experimental TG curves, the ECSeDe
O(1) model shows poor agreement. In fact not even the qual-
itative nature of the mass loss curves is reproduced. The graph
in Fig. 4 shows the results of an attempt to fit the model to two
isothermal TG mass loss curves. The TG experiments were
carried out in nitrogen on PMMA samples of initial molecular
weight 49,600 g mol�1 and low polydispersity of 1.02
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Fig. 3. Effect of the shape of the initial distribution for ECSeDeO(1) model

on mass loss rate (top) and population of polymer molecules (bottom).
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Fig. 4. Comparison with isothermal TG experiments: solid curves are model

predictions and symbols are experimental results.
(corresponding to a standard deviation of s¼ 70), so that
the experimental results may be compared with model solu-
tions obtained from UIDs. The polymer samples were
obtained from Polymer Laboratories (UK) Inc. (part no. 2023-
3001, batch no. 20233-11) and the PMMA molecules were
terminated by diphenyl hexyl units. Since each end-chain ini-
tiation event generates a monomer and a radical, which itself
rapidly depropagates, as lower molecular mass species are
generated, the rate of evolution of monomers increases as
shown by the curves in Fig. 2. The effect of increasing the
rate of termination makes fewer radicals available for depropa-
gation and hence the mass loss rate is slowed (assuming that
depropagation is much faster than initiation). The experimen-
tal data show that the rate of mass loss actually decreases as
time increases e a feature that cannot be predicted by the
end-chain initiation model with first-order termination.

3. Initiation by random scission, depropagation and
first-order termination (RSeDeO(1) model)

Here the initiation reaction, with rate term kRS, involves
a polymer molecule breaking at a random bond along the
length of the molecule, forming two polymer radicals:
Pm/Rm�r þ Rr. As above, a fast depropagation reaction,
with rate term kD, causes radical fragments to unzip forming
monomers: Rm/Rm�1 þ P1. A termination reaction, with
rate kT, causes radical fragments to be converted back to poly-
mer molecules: Rm/Pm. Let 3RS ¼ kRS=kD; 3T ¼ kT=kD,
then with t and n defined as before, the population balance
equations are

dPm

dt
¼

8<
:

3TR1 þ
Pn

j¼2 Rj; m¼ 1;

3TRm � 3RSðm� 1ÞPm; 2� m� n;
ð10Þ

dRm

dt
¼

8>><
>>:
�3TR1þR2þ 23RS

Pn
j¼2 Pj; m¼ 1;

�ð1þ 3TÞRmþRmþ1þ 23RS

Pn
j¼mþ1 Pj; 2� m< n:

ð11Þ

When m¼ n, no radical fragments can be formed as there are
no (nþ 1)-mers and so Rn¼ 0 for all t.

3.1. Solution for very rapid depropagation

As before, when the depropagation reaction is much faster
than the termination reaction we may set 3T¼ 0. Now, for
a uniform initial distribution, it follows that PnðtÞ ¼
e�3RSðn�1Þt, PmðtÞ ¼ 0; 2 � m � n� 1. Also, it may be shown
that

Rm ¼
2

n� 1

�
1� e�3RSðn�1Þt�; m > 1; ð12Þ

is a solution for the radical population valid when
3RSðm� 1Þt[1. This approximation is illustrated by the
graph in Fig. 5. Here numerical solutions for the radical
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frequencies Rm are plotted at t¼ 5, 25, 50, 100 for 3RS¼ 0.1,
together with the line 2/(n� 1).

Using this result, it follows from the population balance
equations that

R1z
2t

n� 1
; P1z2t� t2

n� 1
; ð13Þ

and so the remaining mass (assuming that the only volatile
species are monomers) will be given approximately by

m
ð2Þ
PþRðtÞ

m
ð2Þ
PþRð0Þ

z1� 2t

n

�
1� t

2ðn� 1Þ

�
: ð14Þ

This expression is a good approximation for the remaining
mass provided that 3RS(n� 1) is not small. When this is the
case, it may be shown that the remaining mass (when
3RS(n� 1)t is not too large) is given by

m
ð2Þ
PþRðtÞ

m
ð2Þ
PþRð0Þ

z1� l

�
t� 1� e�3RSðn�1Þt

3RSðn� 1Þ

�
þ t2

nðn� 1Þ; ð15Þ

where the constant l is given by

l¼ 2

n

 
1þ 1

n� 1
þ 1

3RSðn� 1Þ2

!
: ð16Þ

As 3RS(n� 1) becomes very small, as in the case of end-chain
initiation, the behaviour will be governed by the rate of ran-
dom scission and so a better expression for the remaining
mass will be proportional to exp(�3RS(n� 1)t). Now, using
this observation and expression (15) above, it is possible to
construct a uniformly valid approximation for remaining
mass for all t and small 3RS. Accordingly, we use expression
(15) for t< t1 and the expression Bexpð�3RSðn� 1ÞtÞ when
t � t1. The constants B and t1 are found from the conditions
that the slopes of the two expressions are identical and the re-
maining mass is continuous at t¼ t1. Using these conditions,
it transpires that
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Fig. 5. Frequency of radicals for 3RS ¼ 0:1; n ¼ 200.
t1 ¼ n�
ffiffiffi
n
p

; B¼ l

�
e3RSðn�1Þt1 � 1

3RSðn� 1Þ

�
� 2t1e3RSðn�1Þt1

3RSnðn� 1Þ2
: ð17Þ

Hence the final approximation for remaining mass, valid for
small 3RS, is given by

m
ð2Þ
PþRðtÞ

m
ð2Þ
PþRð0Þ

z

(
1�l

�
t�1�e�3RSðn�1Þt

3RSðn�1Þ

�
þ t2

nðn�1Þ; t<t1;

l

�
e�3RSðn�1Þðt�t1Þ�e�3RSðn�1Þt

3RSðn�1Þ

�
�2t1e�3RSðn�1Þðt�t1Þ

3RSnðn�1Þ2
;

t�t1:

ð18Þ

Inspection of numerical results suggests that when 3RSðn� 1Þ
> 0:1, approximation (14) may be used, otherwise approxima-
tion (18) is valid. The two approximations are compared with
numerical results in Fig. 6 for n¼ 200. Approximation (18)
was used for 3RS¼ 0.0001, 0.00025 and approximation (14)
was used for 3RS¼ 0.01. When 3RS> 0.0005, the numerical
results (not shown in Fig. 6) are indistinguishable from those
for 3RS¼ 0.01.

3.2. Effect of termination

Again, as in the case of end-chain initiation above, as the
termination rate becomes very large, radical fragments are in-
stantaneously converted back to polymer molecules and so the
system becomes governed by the equations dPm=dt ¼
�3RSðm� 1ÞPm þ 23ECS

Pn
j¼mþ1 Pj; 2 � m < n, which repre-

sent a simple model for pure RS that has been studied in detail
in earlier papers [1,20,22]. For this model, it is possible to
show that the remaining mass (assuming that the only volatile
species are monomers) is given by

m
ð2Þ
PþRðtÞ

m
ð2Þ
PþRð0Þ

¼ 2

�
1� 1

n

�
e�3RSt�

�
1� 2

n

�
e�23RSt: ð19Þ

The effect of finite termination rate on the mass loss rate is
shown by the numerical solutions in Fig. 7. Here the remaining
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random initiation with very slow termination (kT/kD¼ 0, n¼ 200).
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mass is plotted as a function of t for 3RS ¼ 0:0001; n ¼ 200
and 3T¼ 0, 0.001, 0.01, 0.1. Again as the rate of termination
increases, fewer radicals are available for fast depropagation
and so the overall rate of mass loss reduces. However, an
interesting additional feature also develops. When the rate of
termination is non-zero, radicals are converted back into mol-
ecules which must undergo an initiation reaction which now
depends on the size of the molecule e the rate of random scis-
sion for an m-mer is (m� 1)kRS. Consequently, as lower
molecular mass species are produced, the overall rate of ran-
dom scissions also reduces, conspiring to reduce the rate of
monomer production and hence the rate of mass loss.

Fig. 8 shows the effect of finite termination rate on the
radical distribution at different times for kRS=kD ¼ 0:0001;
kT=kD ¼ 0:01; n ¼ 200. These results show that the assump-
tion of steady radical concentration is not valid for even small
termination rates.

3.3. Effect of initial molecular mass distribution

All of the theoretical solutions presented in Section 3 above
were computed assuming a unimolecular initial distribution
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Fig. 7. Effect of termination for random initiation (kRS/kD¼ 0.0001, n¼ 200).
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(UID) for the polymer molecules. It has been demonstrated
in an earlier paper [1] that for pure random scission, the shape
of the initial distribution has no effect on the mass loss rate.
We now briefly investigate the effect of the shape of the initial
distribution on mass loss rate.

The graphs in Fig. 9 show the effect on the mass loss rate
(expressed as a percentage relative difference from the corre-
sponding mass loss rate for a UID) and relative frequency of
polymer molecules for normally distributed initial populations
with means located at m¼ 400 and various values of standard
deviation s (a polydispersity of 1.02, as in the PMMA samples
used for comparison above, corresponds to s¼ 70). The
graphs correspond to the parameter values kRS=kD ¼
0:00001; kT=kD ¼ 0:25. Note that despite the fact that as s

is varied there is a large effect on the evolution of the popula-
tion distribution, there is very little effect on the evolution rate
of monomer species and hence on mass loss rate.

3.4. Comparison with TG experiments

On comparison with experimental TG curves, it appears
that kinetic parameters may be found by a least squares fitting
process such that the RSeDeO(1) model reproduces the ob-
served mass loss behaviour for the PMMA samples used in
the previous section. The graph in Fig. 10 shows the results
of a least squares fit to two isothermal TG curves. The kinetic
parameters of best fit are shown in Table 1, assuming that each
rate term is of Arrhenius form kðTÞ ¼ Aexpð�TA=TÞ.
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Fig. 11 shows model predictions compared to constant
heating rate TG experiments (over the first 90% of mass
loss) for the same sample of PMMA, using the parameter
values in Table 1. Again the model shows excellent agreement
with experiment. It should be noted that nothing has been
proved about the uniqueness of this fit and that there may be
other parameter values which give better results. Also, one
should not be precipitate in drawing conclusions about the ac-
tual rate terms for initiation, depropagation and termination
based on these kinetic parameters for the same reason.

3.5. Variation of degradation rate with initial degree of
polymerisation

In previous studies on the thermal degradation of PMMA
[2e5], attempts have been made to interpret aspects of the
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Fig. 10. Comparison with isothermal TG experiments: solid curves are model

predictions and symbols are experimental results.

Table 1

Kinetic parameters of best fit for model 2

A/s�1 TA/K

kRS 6.172� 1011 21885.22

kD 1.789� 1016 21114.63

kT 2.850� 1013 18000.39
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Fig. 11. Comparison with constant heating rate TG experiments: solid curves

are model predictions and symbols are experimental results.
degradation mechanism in terms of the dependence of
degradation rate kobs on initial degree of polymerisation n.
In these approaches, it is assumed that the initial degradation
behaviour is first-order and consequently the remaining mass
varies with time according to expð�kobstÞ. A value for kobs is
then found from a log plot of an initial portion of the remain-
ing mass, or some other similar procedure. Whereas this is
a perfectly acceptable way of characterising the degradation
behaviour, it presupposes a relationship which may not be
valid. Instead, a different metric is employed here. Let t1/2

denote the time taken for 50% of the initial mass to volatilise.
Then we define our characteristic degradation rate k1/2¼ 1/t1/2.
When remaining mass varies according to expð�kobstÞ, there is
a simple relationship between k1/2 and kobs, viz k1=2 ¼
kobs=ln 2.

For the case of infinitely rapid termination, it may be
shown that for large initial degree of polymerisation n,
k1=2w0:814kRSð1þ 0:814=nÞ, indicating that k1/2 increases
with 1/n. However, when the rate of termination is finite,
this is not always the case as Fig. 12 shows. Here we see
calculations of k1/2 for different values of 3RS and 3T as func-
tions of 1/n. For 3RS¼ 0.0001 the general trend is for k1/2 to
increase with 1/n, with the overall rate decreasing as 3T in-
creases. However, when 3RS¼ 5� 10�6, the general trend
(with the exception of 3T¼ 0.01 which has a maximum) is
for k1/2 to reduce with 1/n, again with the overall rate decreas-
ing as 3T increases.
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Fig. 12. Variation of k1/2 with initial degree of polymerisation.
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This behaviour is investigated numerically in greater detail
in Fig. 13. This figure shows the results of computing values
of dðk1=2=kDÞ=dn at 1/n¼ 0.004. The region where
dðk1=2=kDÞ=dn < 0 corresponds to the region where k1/2/kD

increases with 1/n and is filled black in the figure. Further
analysis of the data in Fig. 13 indicates that the change of
sign of dðk1=2=kDÞ=dn occurs along the curve given to
a good approximation by 3T ¼ 191:43ð3RS � 3:12� 10�5Þ0:8.

This figure clearly shows that either increasing the termina-
tion rate or decreasing the random scission rate will have the
effect of changing the behaviour of k1/2 as a function of 1/n
from increasing to decreasing. Previous experimental studies
[1,2e5] have shown that the behaviour of kobs with 1/n tends
to move from monotonic increasing to monotonic decreasing
as temperature increases. Within the framework of the random
initiation model, the most likely explanation of this observa-
tion is probably given by one of the following:

1. As temperature increases, the relative rate of depropaga-
tion to random scission increases, whilst the relative rate
of termination to depropagation remains approximately
constant, does not reduce rapidly or increases.

2. As temperature increases, the relative rate of termination
to depropagation increases, whilst the relative rate of de-
propagation to random initiation remains approximately
constant, does not reduce rapidly or increases.

4. Combined end-chain and random scission, infinitely
rapid termination

While not necessarily relevant to the thermal degradation of
PMMA, this case is included because it admits an exact solu-
tion for large initial degree of polymerisation. As the rate of
termination becomes very large, radical fragments formed
from end-chain and random scission initiation reactions will
be instantaneously converted back into polymer molecules
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Fig. 13. Dependence of k1/2 on 1/n as a function of termination and random

scission rates.
and the depropagation reaction will not have time to take
place. Under these conditions, the population balance equa-
tions reduce to

dPm

dt
¼

8>>>><
>>>>:

3ECSP2þ ð3ECS þ 23RSÞ
Pn

j¼2 Pj; m¼ 1;

�f3ECS þ 3RSðm� 1ÞgPmþ 3ECSPmþ1

þ23RS

Pn
j¼mþ1 Pj; 2� m;

�f3ECSþ 3RSðn� 1ÞgPn; m¼ n:

ð20Þ

We therefore essentially recover the simpler case of a popula-
tion of molecules undergoing simultaneous random and end-
chain scission. Now, for a uniform initial distribution with
initially large degree of polymerisation ðn/NÞ, it can be
shown by direct substitution that the solutions of these equa-
tions for m> 1 are

PmðtÞ
mP

¼exp

�
� ½3ECS þ 3RSðm� 1Þ�tþ 3ECS

3RS

�
1� e�3RSt

��

�
�
1� e�3RSt

�2
;

ð21Þ

with the remaining mass being given by

m
ðmvÞ
P ðtÞ

m
ðmvÞ
P ð0Þ

¼ exp

�
� ½3ECS þ 3RSðmv � 1Þ�tþ 3ECS

3RS

�
1� e�3RSt

��

�
	

mv� ðmv� 1Þe�3RSt


:

ð22Þ

5. Conclusion

The use of discrete population balance equations, applied
to the initiationedepropagationetermination degradation
scheme, to investigate and interpret the thermal degradation
of PMMA has produced interesting results. Whereas this
approach has been investigated by others previously using
similar population balance models, new light is shed by this
work on the influence of the initiation reaction on the observed
degradation rate.

Analytical approximations for end-chain and random initi-
ation, valid when the depropagation rate is much faster than
termination, have been derived for unimolecular initial distri-
butions and compare well with numerical solutions. Also the
case of pure end-chain scission combined with random
scission with infinitely rapid termination has been shown to
admit an exact solution valid for large initial degree of
polymerisation.

Numerical results show that end-chain initiation with first-
order termination does not reproduce the qualitative behaviour
of PMMA in isothermal TG experiments. Further calculations
show that random initiation with first-order termination is
a much better candidate and both isothermal and constant
heating rate TG results agree well with numerical results. Fur-
thermore, numerical results show that the shape of the initial
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molecular mass distribution has only a small effect on mass
loss rate for both types of initiation reaction. This suggests
that the simplification of adopting a unimolecular initial distri-
bution is not critical when predicting mass loss rate. The de-
pendence of observed degradation rate kobs on initial degree
of polymerisation for random initiation has also been investi-
gated using detailed numerical calculations. It was found that
the population balance model predicts that for small values
of random initiation (random initiation rate/depropagation
rate< 3.12� 10�5), kobs always decreases as a function of 1/
(initial degree of polymerisation) for termination rate/depropa-
gation rate< 0.1. However, for values of random initiation
rate/depropagation rate> 3.12� 10�5, as the ratio of first-
order termination to depropagation rate decreases, or as the
ratio of random initiation to depropagation increases, the
behaviour of kobs will change to an increasing function of
1/(initial degree of polymerisation).
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